-733], we essentially deal with the power series of fuzzy numbers. We give two examples on the geometric series of fuzzy numbers and by using the four different cases of u n of n th power of a fuzzy number u, we interest in the convergence of a power series of fuzzy numbers. Finally, we introduce the concept of a power series of fuzzy numbers with fuzzy coefficients.
Introduction
By N, we denote the set of natural numbers. We begin with some required definitions and consequences on the sequences and series of fuzzy numbers. Then, { f k (λ)} is said to be eventually equi-left-continuous at λ 0 if for any ε > 0 there exist n 0 ∈ N and δ > 0 Thus, it is deduced that the series
satisfy the conditions of Theorem 1.5. Of course, this is a weaker condition than the uniform convergence.
The main purpose of the present paper is to present the beginning concepts on the power series of fuzzy numbers with real and fuzzy coefficients. Prior to giving a corollary and two examples on the geometric series of fuzzy numbers, four different cases of u n of n th power of a fuzzy number u is examined in a basic lemma. By using these situations, the convergence of a power series of fuzzy numbers is investigated. Finally, the concept of a power series of fuzzy numbers with fuzzy coefficients is introduced.
Preliminaries, background and notation
In this section, we begin with giving some required definitions and statements of theorems, propositions, and lemmas.
A fuzzy number is a fuzzy set on the real axis, i.e., a mapping u : R → [0, 1] which satisfies the following four conditions: (i) u is normal, i.e., there exists an x 0 ∈ R such that u(x 0 ) = 1.
(ii) u is fuzzy convex, i.e., u[λx + (1 − λ)y] ≥ min{u(x), u(y)} for all x, y ∈ R and for all λ ∈ [0, 1].
(iii) u is upper semi-continuous.
(iv) The set [u] 0 = {x ∈ R : u(x) > 0} is compact, (cf. Zadeh [13] ), where {x ∈ R : u(x) > 0} denotes the closure of the set {x ∈ R : u(x) > 0} in the usual topology of R.
We denote the set of all fuzzy numbers on R by L(R) and called it as the space of fuzzy numbers. λ-level set
The set [u] λ is closed, bounded and non-empty interval for each λ ∈ [0, 1] which is defined by [u] 
, since each r ∈ R can be regarded as a fuzzy number r defined by 
Then the operations addition, scalar multiplication and product defined on L(R) by
and
where it is immediate that Then it can easily be observed that d is a metric on W (cf. Diamond and Kloeden [1] ) and (W, d) is a complete metric space, (cf. Nanda [7] ). Now, we may define the metric D on L(R) by means of the Hausdorff metric d as
One can extend the natural order relation on the real line to intervals as follows:
A ≼ B if and only if A ≤ B and A ≤ B.
The partial ordering relation on L(R) is defined as follows:
is said to be a non-negative fuzzy number if and only if u(x) = 0 for all x < 0. It is immediate that u ≽ 0 if u is a non-negative fuzzy number.
One can see that
Now, we may give:
is a complete metric space, (cf. Puri and Ralescu [8] ).
(
An absolute value |u| of a fuzzy number u is defined by
, where 
Generalized Hukuhara difference
Let K be the space of non-empty compact and convex sets in the n-dimensional Euclidean space R n . If n = 1, denote the set of closed bounded intervals of the real line by I. Given two elements A, B ∈ K and α ∈ R, the usual interval arithmetic operations, i.e., Minkowski addition and scalar multiplication, are defined by A + B = {a + b : a ∈ A, b ∈ B} and αA = {αa : a ∈ A}. It is well known that addition is associative and commutative, and with neutral element {0}. If α = −1, scalar multiplication gives the opposite −A = (−1)A = {−a : a ∈ A}, but, in general, A + (−A) 0, i.e., the opposite of A is not the inverse of A in Minkowski addition unless A is a singleton. A first consequence of this fact is that, in general, additive simplification is not valid.
To partially overcome this situation, the Hukuhara difference, H-difference for short, has been introduced as a set C for which A ⊖ B = C ⇔ A = B + C and an important property of ⊖ is that A ⊖ A = {0} for all A ∈ K and (A + B) ⊖ B = A for all A, B ∈ K . The H-difference is unique, but it does not always exist. A necessary condition for A ⊖ B to exist is that A contains a translate {c} + B of B.
A generalization of the Hukuhara difference proposed in [9] aims to overcome this situation. (ii) A + (−A) 0. Proof. We observe by Proposition 3. 
where the limits are in the Hausdorff metric d for intervals.
Power series of fuzzy numbers
In this section, we deal with the power series with real and fuzzy coefficients.
We begin with a basic definition. Following Mares [5] , we define u n for u ≻ 0 and n ∈ R/{0} as follows:
Definition 4.1. Let u be any non-negative fuzzy number. We define u n for non-zero real number n by
The λ-level set of the fuzzy number u n with
] is determined as follows:
In the case n = 0, we define u 0 by
Now, we can give four different forms of u n respect to the Definition 4.1.
Basic Lemma. Suppose that u ∈ L(R)
and n ∈ N. Then, the following four statements hold for u n :
(ii) If u − λ < 0 and u
(iii) If u − λ < 0 and u
Proof. Since the cases (ii)-(iv) can be established by the similar way, we consider only the case (i). We prove (i) by mathematical induction.
(a) The statement is true for n = 1, since
This shows that the statement is also true for n = m + 1, if it is true for n = m which completes the proof. Now, we give the result on the geometric series of non-negative fuzzy numbers.
Corollary 4.2. For a given geometric series
holds, where 0 ≼ u ≺ 1.
Proof. Taking into account the part (i) of Basic Lemma, define the sequence (s p ) by
for all p ∈ N. Then, we have
At this stage, since u is a non-negative fuzzy number for every ε > 0 there exists a n 0 = n 0 (ε) ∈ N such that
Therefore, taking into account this fact, we obtain by letting p → ∞ in (4.2) that
which means that (4.1) holds. 
Then, since 0 ≼ u ≺ 1 with u − λ = 1/3 and u
Example 4.4. Consider the geometric series ∑ ∞ n=1 u n of fuzzy numbers, where
Then, since 0 ≼ u ≺ 1 with u
Definition 4.5. Let u be any element and u 0 be a fixed element in the space L(R) of fuzzy numbers such that u − u 0 ≽ 0. Then, the power series of fuzzy numbers with real coefficients a n is in the form
For simplicity in notation, here and after, we write w instead of the fuzzy number u − u 0 . Therefore, we
(λ) and w
(λ) from Hukuhara difference given by Proposition 3.3. Then, the given power series is reduced to 
(ii) If w − λ < 0 and w 
Proof. (i) Let us consider the power series of fuzzy numbers with w − λ < 0 and w + λ > 0. Then, the straightforward calculation leads us to the consequence that
(ii) Given the power series of fuzzy numbers with w − λ < 0 and w + λ < 0. Then, one can immediately see that
a) If n is even, then we have
(iii) Given the power series of fuzzy numbers with w − λ < 0 and w + λ = 0. Then, we conclude by the routine verification that
(iv) Let us consider the power series ∑ ∞ n=1 a n [w] n λ of fuzzy numbers with w − λ > 0 and w
Now, we can give the definition of the power series of non-negative fuzzy numbers with the non-negative fuzzy coefficients. 
Conclusion
By using the sum of the series of λ-level sets, Talo and Başar [11] have recently determined the α−, β− and γ−duals of the classical sets of sequences of fuzzy numbers and given the necessary and sufficient conditions on an infinite matrix of fuzzy numbers transforming one of the classical sets to the another one together with certain basic results related to the convergence and absolute convergence of series of fuzzy numbers.
The present paper is a natural continuation of Talo and Başar [11] . We have studied the fuzzy analogues of the beginning results related to the power series of real or complex numbers. We should record from now on that the main results given in Section 4 of the present paper will base on examining the alternating and binomial series of fuzzy.
